ME202: ADVANCED MECHANICS OF SOLIDS




MODULE —|

Introduction to Stress Analysis
& Displacement Field



MEO10 306(CE) STRENGTH OF MATERIALS &
STRUCTURAL ENGINEERING

Course Objectives:

1. To impart concepts of stress and strain analyses in a
solid.

2. To study the methodologies in theory of elasticity at
a basic level.

3. To acquaint with the solution of advanced bending
problems.

4. To get familiar with energy methods for solving
structural mechanics problems.



Module — |
1. Introduction to stress analysis in elastic solids
2. Stress at a point - Stress tensor

3. Stress components in rectangular and polar
coordinate systems

Cauchy’s equations
Stress transformation.

Principal stresses and planes.

N o U ok

Hydrostatic and Deviatoric stress
components, Octahedral shear stress

8. Equations of equilibrium.
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tensional stress

compressional stress
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TENSION TEST:

Presented to S4 ME students of RSET
24th January 2019 9

by Dr. Manoj G Tharian



DUCTILE FAILURE

Strain Hardening Necking
Stress } f !
N l
Ultimate Strength
~ Fracture
Yield Strength
Run
Young's Modulus = Rise = Slope
Run
=>  Strain
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CUP AND CONE FORMATION:

| | |

Crack
grows
oo o P 90° to
applied
stress

.._I

iet) (b) (c)
Necking Formation of Microvoids Coalescence of

microvoids to form cracks

i DUCTILE FRACTURE

0
459 - Cup-and-cone
maximum fracture
shear

Shear
stress Fibrous

b
(d)

(e)

Crack Propogation by
Fracture

Shear deformation Presented to S4 ME students of RSET
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NATURE OF STRESS ON AN INCLINED PLANE:

A*/ On Plane nn normal to the Applied Load:
c = E T=0
A
On Plane n’n’ inclined at an angle B to the applied load:
P, PCos%0 P, P.Sin0CosH
I 0 = — = T = — =
A A A A
P
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TRANSFORMATION EQU. IN PLANE STRESS:

G ¥
I ’ . Y
yx Gﬁ Ty1 1 rx1y1 X
T 1
—7 G, < 2! > c 9 "
\
Txy G“ 4’:y‘lx‘l
P B Toays
X yx v 1y Gﬂ
o, + O O,— O .
0y =———+ —— Cos20 + Ty Sin26
2 2
O,— O
Txiyl = — Ty Sin26 + 1,,Cos26
o, + O O, — O
- _* vy X ¥ — i
Oy1 =— > C0s260 — T, Sin26
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PRINCIPAL PLANE IN PLANE STRESS:
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PLANES OF MAX. SHEAR IN PLANE STRESS (2D)

1o
Txy O0x— Oy

Tan 205 = —

Ox Ox 2Txy
4l
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STRESS TRANSFORMATION EQUATION - PROBLEMSIN 2D

Find the normal stress & shear Oy

stress on a 22.59 plane and also | s it
the principal stresses, principal

planes, max shear stress and °’<(_l_ @ _’_")"
planes of max. shear stress for the

following states of stress.

oy, =-60MPa o =0 MPa
Tyy = 90 MPa

o, =45MPa o =27MPa
2 1,,=18MPa
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STRESS TRANSFORMATION EQUATION — PROBLEMS IN 2D

T ; Gy - Tyy =0
Yy Tan 291} — ZTxy
Toy Ox~ Oy
Tan 20p = 0
: Qg —> 20, = 0,180
0p = 0,90
Y Oy _
Tan 20g = — >
2Tyy
Tan 20 = o

20, = 90,270 6, = 45,135
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3D STATE OF STRESS
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3D STATE OF STRESS

Stress at a point is denoted by the stress tensor as given below:

24th January 2019

Txy

Txz

Or

0, T,y T,
Or [Ty Oy Tyz
T, T,y o,
-0y Tyy Ty
Tyy o, Ty,
| Txz Tyz O,
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CAUCHY'S STRESS FORMULA

Consider a 3 D state of
stress.

ABC is an arbitrary
plane whose normal is
n.

Direction Cosines of n
are n,, n,and n,.

Plane ABC is at a

distance of h from Q /

.
<

ABCD forms a tetrahedron.

24th January 2019
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CAUCHY'S STRESS FORMULA

The tetrahedron is isolated and a y
free body diagram is shown in Fig. c
_ : E
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CAUCHY'S STRESS FORMULA

TII

H’q: q: Hqﬂ

>

Area of plane AQC = A n,
Area of plane AQB = A n,,
Area of plane BQC=An, ,

24th January 2019

Resultant stress vector on the plane.
Component along x axis

Component along y axis

Component along z axis

Area of Plane ABC
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CAUCHY'S STRESS FORMULA

By , B, , B, — Body forces along X, y and z directions.
Volume of the tetrahedron = 1/3 Ah

Considering the equilibrium along the X, y and z axis we get,
TIA = 0,An, + TAny + T AN, — B, - Ah
Cancelling all A's and taking limit h-> 0, gives
TY = oxng + Tyhy + Ty,

Similarly considering equilibrium along y and z axis gives

n

n
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CAUCHY'S STRESS FORMULA

The above three equations are known as Cauchy’s Stress
equations.

Cauchy’s stress equation can be written in the matrix form as

I""T;{‘l A -Gx Tx}r TXZ- r’llxﬁ
n —

4 TY r= Txy G}r Tyz 4 lly >

T, J Tz Tyz 0z1 \n,
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CAUCHY'S STRESS FORMULA

The resultant stress vector on plane n is

2 2 2
IT"* = T9" + T9" + T}° —=-------- 2

The normal stress and shear stress on plane n can be obtained

using the following equations
6, = n,Ty + n,T¢ + n, T;)  ----------. 3

T = 6,2+ 1,50 = —-mmmem---- 4
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CAUCHY'S STRESS FORMULA - PROBLEM

At a point Q in a body

o, =10000 N/cm? o ,=-5000 N/cm? o©,=-5000 N/cm? T, =
T,, = T,, = 10000N/cm?

Determine the normal and shear stress on a plane that is equally

inclined to all three axis
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CAUCHY'S STRESS FORMULA - PROBLEM

T" =17320.5 N/cm?

Ty = 8660.25 N/cm?

T" = 8660.25 N/cm?

o, = 20000 N/cm?

|IT"|?* = 450 x 10°
™ = 7071 N/cm?

24th January 2019 Presented to S4 ME students of RSET 27

by Dr. Manoj G Tharian



PRINCIPAL STRESSES IN 3D STATE OF STRESS

A Plane where there is no shear stress is called a Principal Plane.
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PRINCIPAL STRESSES IN 3D STATE OF STRESS

Let n,, n,and n, be the Direction Cosines of the Principal Plane.

—_—

Ty = o.n,

n __ —

Ty = o.n, 1
T, = o.n, |

where, o is the Principal Stress.

Using Cauchy’s Equation,

n __
Ty = ogng + TxyNy T Ty, N,

n _
T}“' — TX}’HX + G}rn}r + ‘E},.zllz — 2
n _
T; = TNy + Ty Ny + 6,1, _
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PRINCIPAL STRESSES IN 3D STATE OF STRESS

Equating Egs. 1 and 2 we get
C.Ny = OyNy + TyyNy + Ty, N,

o.ny, = T, Ny + oy Ny, + Ty, N,

o.n, = Ty,N, + TN, + 0,0,

(0x—0) Ny + Ty, + TN, =0

Ty + (6, — o)n,+ 1,0, = 0 | 3

-

Ty Ny + Ty, Ny + (0, — 0)N, =0
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PRINCIPAL STRESSES IN 3D STATE OF STRESS

(Gx o U)

Ty

TXZ

T

(o

T

y

_0-)

VZ

TXZ

Ty, [=0

(Gz o G)

Expanding the above equation we get

0 — (06y+0y+0,)0% +

2 2

(646,+06.06,+06,6,— 1, °— 17— 1
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2
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PRINCIPAL STRESSES IN 3D STATE OF STRESS

65— 1,6°+ 1,06 — I;,=0

I, = 0y + 0, + O,

Oy Ty o, T, oy, Ty,
12 — + +
Tx}’ G}’ Tz Oy T}’Z 0,
Oy Ty Txz
I; = |Txy Oy Ty
Tz Tyz Oy

Principal Stresses can be found out by solving the above

cubical equation.
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INVARIANTS OF STRESS

l,, I, and |, are called Stress Invariants.

They are called so because the values of |, 1,

3 does not

change even If the reference co ordinates are changed. In the

cubical equ.
S—L0°+ 1,6 —I;3=0

l, - First Stress Invariant
- Second Stress Invariant

5 - Third Stress Invariant

Presented to S4 ME students of RSET

24th January 2015 by Dr. Manoj G Tharian

33



INVARIANTS OF STRESS

Let x’, y’, 2’ be another frame of reference at the same point. With

respect to the frame of reference the stress state is given by,

- O Txfyf Txrzr
Tyrxs Oy, Tyrzs
| T Ty Oy

24th January 2019 Presented to S4 ME students of RSET "
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INVARIANTS OF STRESS

Gy T Oy T Oy

24th January 2019
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INVARIANTS OF STRESS

The principal stresses at a point depends only on the load exerted
on the body and not on the co ordinates of reference describing
the rectangular stress components hence,

6’ - 1,6+ I,06 — I3=0

o>—1I,'e’+ L'os —1,'=0
must give same solutions for o. So the coefficients 0%, o and

constant term in the two equs. must be equal. Thus

L=1;L=1; I,=1

Presented to S4 ME students of RSET
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INVARIANTS OF STRESS

Find the principal stresses and their planes for the following

state of stress

1 2 1
2 2 -3
1 -3 4

Presented to S4 ME students of RSET
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Theorem 1: If n and n’ are two planes through same point P
with corresponding stress vectors T" and T Then the
projection of T" along n’ is equal to the projection of T" along

n L
n V
.

n!

Theorem 2: Principal planes are orthogonal.

Presented to S4 ME students of RSET
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STRESS TRANSFORMATION

A y
y "
k ~ - E ,7
\\\ ”’
: >
\
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2|
TO0x Tyxy Uiz - O/ Txryr TxrzrT
TX}? G}f T}PZ — Tyrxl G}H‘ T}:;z;
[ Txz Tyz Oz L Tzrxs Tzryr Oz |
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STRESS TRANSFORMATION

n n,.

yx? "fzx

Direction Cosines of X’ be n

xx”?

’

Direction Cosines of y’ be n, , n ., n,,

N : ,
Direction Cosines of z’ be n,,, n ,, n,,.

n,, - Cos of angle between x and x’

4

n,, - Cos of angle between y and x

n, - Cos of angle between z and X’
24th January 2019 Presented to S4 ME students of RSET
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STRESS TRANSFORMATION

While taking the sigh of angle in xy plane anticlockwise
direction is taken as positive while looking to the xy plane from
the +ve z axis.

According to Caushy’s equation

x - —_—
Ty = oy, + TxyNyxr T Ty Ny

Xl —_
T}, = TyyNyxy + OyNyy, + Ty Ny — (1)

R
4
|

—r

Presented to S4 ME students of RSET
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STRESS TRANSFORMATION

For getting the component of TX along the x’ direction take the
dot product of TX and x’
For getting the component of TX along the y’ direction take the

dot product of T and y’

For getting the component of T¥ along the z’ direction take the

dot product of TX and 2’

Oy = Tg' Ny, + Ty gy, + T, Ny,

/ ! ! -
Ty = Tx Ny + Ty ngy, + TNy, (2)

— X/ X/ x/!

Presented to S4 ME students of RSET
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STRESS TRANSFORMATION

Substituting for T T ¥ T.X from equ 1 in equ 2 will give,
— 2 2
Oxixi = Oxxll v T Oyl T

6,,n%, + 2T,,n

N | ) | B + 2t N, N, + ZT},ZHWHZX,

Tx'y! = Oxxlyy'Nyy’ + Cyylyy/Nyy! + G775 Ngy/ +
T}W(1’1}5}‘;1‘1},3,F + nxyrnﬂ*) + Tyz(n},xﬁnzy* + HZXFHW;) +

Txz (nx}szF Ny’ + nzx;nxf)

Ty'z! = Oxxllyy/Nyy’ T OyyNyy/ Ny, + GpN5 Ny57 +
TJ,,.;E,(1’1};“,‘;1‘13,3F + n},x#nxzw) + T}rz(nyxfnzz‘ + nzx*n}rz*) +

sz(nxx’nzz* + nzx*nxz’)

Presented to S4 ME students of RSET
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STRESS TRANSFORMATION

The above set of three equations can be written in the matrix

form as

(O rxr)

4 Txr}rr > —

{J}xf —
{G}Xf
[G]xyz

N}y,

24th January 2019

lngrzr) L

_n}mp n}w; nz}{p ) B Ux Tx};r sz_ r"nmr“ﬁ
nx};rr n};r};rr nZ}” TXF U}; TYZ .{ ]_-]_}F_)UI F
Nyyr Ny Ny | [ Txg Ty O \ Iy,

T
[“] [J]xyz {n}xf """""" (3)

- Stress components on x’ plane

Stress components on xyz plane

Direction Cosines of x’

Presented to S4 ME students of RSET
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STRESS TRANSFORMATION
() ) (2)

_nXXf l‘lxw nxzf' (X)

[a] = [Myx Dyy Nyg | (y)

[Ny, Ngy,  Dgy (2)

{G}y.’ — [a]T [G]x}’z {n}y.’ """""" (4)

The Stresses on the z’ plane is obtained as,

{G}zf — [a]T [G]x}'z {n}z! """""" (5)

The Stresses on the y’ plane is obtained as,

Presented to S4 ME students of RSET
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STRESS TRANSFORMATION

Combining equs. 3,4 & 5

The Stress transformation equation is obtained:

{U}xf}rfzf — [a]T [G]xyz o]

Presented to S4 ME students of RSET
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STRESS TRANSFORMATION

A state of stress at a point with respect to xyz is given by,

6 20 —-4|MPa

10 6 -8
0 =
-8 —4 10

Find the state of stress for new set of axis rotated about x axis

to an angle 45°,

Presented to S4 ME students of RSET
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STRESS TRANSFORMATION

by
10 6 -8
, [6lyyz =| 6 20 —4|MPa
w3 s 8 -4 10
'Y o
/ x’ X
/
o (x') (y’) ()
z V 2’
(x)
(y)
(2)
24th January 2019 Presented to S4 ME students of RSET
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STRESS TRANSFORMATION

by
10 6 -8
, [6lyyz =| 6 20 —4|MPa
=2 45:/, -8 —4 10
—— .
/ X’ X
/
3, (x’) (y’) (z')
Z Vz.

- Cos (0)  Cos(90) Cos(—90)7 (x)

[a] = |Cos(=90) Cos(45) Cos(135)| (¥}

| Cos (90) Cos (—45) Cos (45) ] (2)

24th January 2019 Presented to S4 ME students of RSET 29
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STRESS TRANSFORMATION

by
10 6 —8
, [6lyyz =| 6 20 —4|MPa
AN 45:/, -8 —4 10
—— >
/ X’ X
/
450,
7 V (x’) (y’) (z’)
1 0 0 1 (x)
= [0 07071 —o0.7071| (v)

0 0.7071 0.7071 1 (2)
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DIFFERENTIAL EQUATION OF EQUILIBRIUM

I tO'Vi-AO'V
Az : Ty AT
I
: ' Ty H ATy, 702
1 A <
: T @l e’ | TxytATyy
g L | 0,+A0,
~ I I Tz !
Ox ' -
\l TZV+ATZV sz"'Asz
Txy v I
G
cZ+Aoz sz+Asz GO GO GO &> b G GH Gb b b "B B @& = =
s
-
% 4
o 1 Tvz
-~ Q- -
g Tyx T
-~
-~ < |
H ” < OY V
/ Ax D
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DIFFERENTIAL EQUATION OF EQUILIBRIUM

Let the body force components per unit volume in the xy and z
direction be B,, B, and B,.

For equilibrium along x direction,

(ax + % &x) AyAz — o, AyAz +

G
(T},X + ;—:&y) AxAz — T, AXAZ +

T

= &z) AxAy — t,,AxAy + B, AxAyAz =0

(TZX + ﬂﬂz

24th January 2019 Presented to S4 ME students of RSET 5>
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DIFFERENTIAL EQUATION OF EQUILIBRIUM

Dividing by AxAyAz and taking the limits AxAyAz tends to zero

doy 0Tyy n 0T,
0x dy 0z

+B,=0

Presented to S4 ME students of RSET
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DIFFERENTIAL EQUATION OF EQUILIBRIUM

doy O0Tyx arzx

0x dy =0
6tx}, 663; ar_z}, _
o + oy + 3, + B}, =0
atxz at}!z aﬂ'z

+ X4+ —Z24B,=0

0x ady

Equilibrium Equation is also called differential equation of

motion for a deformable body.

Presented to S4 ME students of RSET
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DIFFERENTIAL EQUATION OF EQUILIBRIUM

A cross section of wall of dam is showed in fig. The pressure of
water on face OB is also shown in fig. The stress at any point
xy are given below y — Specific weight of water, p — specific
weight of dam material.

Oy =YY

Oy = (ta[:lﬁ B tﬂi};ﬁ)x + (ta:lfzﬁ B P) y

Presented to S4 ME students of RSET
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HYDROSTATIC AND DEVIATORIC STATE OF STRESS

Oxx Txy Txz
lo] =|Tyx Oyy Tyz
Tzx sz 027
P 0 0] [oxx—P Ty Txz
=10 P O+ | Ty Oyy — P Ty
0O 0 P | Tux Tay 0,, — P
\ ) | J
I |
Hydrostatic State. Deviatoric state.

1 1
Where, P = 3 [O'XX + Oyy + ng] = 511

Presented to S4 ME students of RSET
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OCTAHEDRAL STRESSES

Consider the principal directions as the coordinate axes. The plane whose
normal vector forms equal angles with the coordinate system is called
octahedral plane. There are eight such planes forming an octahedron.

Xi(o3) A

x;,(c,)

Presented to S4 ME students of RSET
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.\'4;(63) |

OCTAHEDRAL STRESSES

o, 0 O
o] =0 o, 0]
0 0 o3

1
N = No = No = —
1 2 3 \/g

o

Oogct = 5 [Ul + 0 + 63] = §Il

T _1 \/[(01_ 0,)* + (0, — 03)* + (03— 0,)%] = %\/2112 — 61,

oct — 3
2
Where |’ is the second invariant of deviatoric = -1,
stress tensor 3
\
Presented to S4 ME students of RSET cg
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Calculate the octahedral stresses for the following stress tensor:

1 =2 -1

Calculate the stress deviator tensor and its invariants for the following stress tensor:

2 -3 1
oy =| -3 =5 1
1 1 6

Presented to S4 ME students of RSET
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STRAIN

Displacement Field

The displacement undergone by any point on a body can be
expressed as a function of original coordinates. The
displacement field U is expressed as

U = ul + vj+ wk

This function is known as displacement field vector where,

u=f,(x,y,2)
v = 1,(X,Y,2)
w = f5(x,,2)

Presented to S4 ME students of RSET
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STRAIN COMPONENTS (STRAIN — DISPLACEMENT RELATIONS)

Strain Component along x direction,
_du 1 (au)z N (aV)Z N (GW)
“xx = 9x T 2|\0x dx dx
Strain Component along y direction,
_ v 1 (au)z N (GV)Z N (aW)Z
vy = dy 2|\dy dy dy
Strain Component along z direction,
(au)z (GV)Z (GW)Z
0z * 0z " 0z

24th January 2019 Presented to S4 ME students of RSET 61
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STRAIN COMPONENTS (STRAIN — DISPLACEMENT RELATIONS)

Shear Strain in the xy plane,

_ 5 B ﬂu_l_ ﬂv_l_ ﬂuﬂu_l_ ﬂvﬂv_l_ ow 0w
Yoy = S5y = dy Ox O0xdy 0Ox0dy Ox 0y

Shear Strain in the yz plane,
dv dw du du dv dv dw dw

= 28, = —+ — — =
Vyz yz 0z T dy T dy 0z T dy 0z T dy 0z

Shear Strain in the xz plane,

_ B ﬂu_l_ ﬂw_l_ ﬂuﬂu_l_ ﬂvﬂv_l_ ow 0w
Ve = 2852 = dz Ox O0x0z 0x0z 0Ox 0z
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STRAIN DISPLACEMENT RELATIONS — (LINEAR TERMS ONLY)

__ Ou
Exx — E
__ 0Ov

Eﬂ, = a
e ow
ZZ — 3,
24th January 2019

— 9 . du dv

Yx}-’ - EK}-’ - a}, + ax

— 9 . dv dw

Y}-’E - E}?E - BE + a}?
du | dw

sz — ZExz — Bz ! dx
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STATE OF STRAIN AND STRAIN TENSOR AT A POINT

< ]
XX yxy Yxz £
e 1
yxy yy Vyz 2 Yxy
1
Yxz yyz €27 2 Vxz

State of Strain at a point

24th January 2015 by Dr. Manoj G Tharian

~ ny

yy

1

E sz

Strain Tensor
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ANALOGY BETWEEN STRESS AND STRAIN TENSOR -1

O xx Txy Txz i 1
€xx Eny 2
T c T 1
yX yy yZ SV &y 5
1 1
STRESS TENSOR STRAIN TENSOR
Txy — Tyx » Txz = Tgx s Tgx = sz
YXy — ny; sz — YZy » Yxz — VYax
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ANALOGY BETWEEN STRESS AND STRAIN TENSOR -2

£pQ = Exxlly” + Eyyn% + £,n,% +

1 1 1
2 X (Eywnxn},) + 2X (Ey},zn},nz) 1 2 X (5 ¥xNxN,)
This Is analogous to the stress relation:
6, = n,Ty + n,Ty + n, T}
n _ 2 2
G = OxxNy + Tyylglly + TN+ Gyylly™ + Tﬁn},nx

+ TyzNyNy + ﬁﬂngz T TxNzNyg + TzyN Ny

0" = Oy Ny® + Opyny% + 0,0,° + 2Ty + 2Ty,N0, + 2 T, DN,
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ANALOGY BETWEEN STRESS AND STRAIN TENSOR -3

STRAIN TRANSFORMATION EQUATION

The above Transformation equations can be

written in the Matrix Form as:

[E]xfyrzr — [Q]T &]|a]

This is analogous to

[0]2ry12r = [@]"[0][a]
1 1 7
€xx nyy EYXZ
] |1 1
Elxyz = nyy Eyy EY}’Z
1 1
_EYXZ EY}’Z €2z
24th January 2019

[E]x#yfz# -

[a]

Exsxr

E Yx.!}rw

__ Yxrzr

}F’XF

_nZIf
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nyryr

yry!

EYyrzr

X}”

}T}”

Z'}i"f

= Yxizr
Eyyrzr
z'z! |

Ny

yz!

HZZF .
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ANALOGY BETWEEN STRESS AND STRAIN TENSOR -4

PRINCIPAL STRAIN 3 2 —
| . £ — Il £° + ]2 E— ]3 =0
Ex —E€ Y SY
XX 2 Xy 2 X7 ]1 — EII _|_ E},}, _|_ Ezz
1 1 B
o Yxy Eyy — & o> Yyz | — 0 1 1
2 2 €xx Py ny 5 Yxz
1 1 2 2
E Yxz E Yyz €2 — € B 1 1
J3 = EYx}r Eyy EY}rz
1 1
E Yxz E sz €22
1 1 1
}i’ _ Exx 2 1.!":-;7; ., E‘jrjf 2 Y}'z. Eax 2 Yxz
z 1 1 1
2 Y:'-;jf' E“_i:_v 2 ]"7:1'. €2z 2 Yxz €2z
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ANALOGY BETWEEN STRESS AND STRAIN TENSOR -4
PRINCIPAL STRAIN

1 1
(Sxx_ S)nx + Enyny +Esznz =0

1 1
> Yyxlx + (gyy — €)ny + > Vyahz = 0

1 1
Esznx + EYzyny + (Szz o S)nz =0

n; + n;+ n; =1
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NOTE-1

@ess invariants in terms ch @ain invariants in terms of

Principal Stresses: Principal Strains:

l, =0, +0,+ 0,4

JJ=E,+E,+€,

l.=6,0, +0,0,+0G,0
2 1 0 2 O3 1 O3 _
J,=€,€, +t€E,E;+E €,

4// \ji?elezeg J//
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RIGID BODY ROTATIONS

Rotation about the x axis:

24th January 2019

dv

_____ -
>.\'

. 1 (aw

X 2 ay
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RIGID BODY ROTATIONS

dw

X
ow
ox
s R_-
du
zy{ —
iz 1 /0u
Rotation about the y axis: uj}, = -
2 \ 0z
24th January 2019 Presented to S4 ME students of RSET
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RIGID BODY ROTATIONS

y4

_ _ 1 /0v
Rotation about the z axis: mz —
2 \0x
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MAX SHEAR STRESS & STRAIN

Omax — Omin

2

Maximum Shear Stress: Thmax =

Emax E:min

Maximum Shear Strain: 1/2 Yinax = :

Principal Strain for 2D state of strain

- e 2 2
o [t G
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The state of strain at a point is given by

0.02 -0.04 0
[¢; =|[-0.04 0.06 —0.02
0 -002 0

In the direction PQ having cosines nx =0.6; ny=0and nz =
0.8, Determine €pq

Presented to S4 ME students of RSET
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The displacement field for a body is given below
U=(x*+y)i+ B+2)j+ (x*+ 2y)k

Determine the principal strains at (3,1,-2) and the direction
of minimum strain. Use only linear terms
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COMPATIBILITY CONDITIONS

COMPATIBILITY CONDITIONS
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COMPATIBILITY CONDITIONS

g = _ du v
XX ox Yxy = dy  Ox
< — ﬂ_v 0V ow
__ Ou ow
ow Yxz = 35,7 5x
EEE - a7
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COMPATIBILITY CONDITIONS

The three displacement components and six strain components

are related by six strain displacement relations of Cauchy.

The determination of six strain components from three

displacement components involves only differentiation.

However the reverse operation that is determination of three
displacement components from six strain components is more
complicated. Since it involves integrating six equations to obtain 3

functions.
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COMPATIBILITY CONDITIONS

Therefore all strain components cannot be prescribed arbitrarily
and there must exist a definite relation among the strain

components. This relation among strain components is called

compatibility equations
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COMPATIBILITY CONDITIONS

0%e,, 0~ (GU)

ay2  9xdy \ay
GZEW _ az (av) N 628}(}( azew 62 du
0x? dx0y \0x 7 Tay? + IxZ axay (
2 2
0% &y | 0“eyy _ 0°Yxy
ay2 = ax2 oxdy
9’ Eyy d° €7z BET’}FE
dz> dy? dy0z
d” Exx | 'ﬂzEzz az’l":{z
9z2 = oax?2 0x0z
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COMPATIBILITY CONDITIONS

_ v _ v ow _ o ow
Yay = dy  Ox Yyz = % dy Yxz = 5, 7 ox
any _ 0%u . 0°v
0Z dy0z 0x0z
0Yyz 9%V | 9%w
- I
ox 0x0zZ 0x0y
2 2
0Yy, B d“u | 0w
- |
ay dyoz 0xdy
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COMPATIBILITY CONDITIONS

Yy, N yz Oy , 0‘w

X ay 0Z axay
a (a}’}’z + 0Yxz _ a}’x}’) — 2 3w
0z \ 0x ay 0z 0x0dyo0z

0z dy dx
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COMPATIBILITY CONDITIONS

ﬂzem

2
0xdy

2
ﬂeﬂ,
0x0z

0% ey
dvoz

2

2 2
BEEH I J E}’F d ny
ay2 ox? xdy
HEEFF : ﬂzszz ﬂzyyz
0z2 dy* dyoz
0 exx 0%, 0%Yxz
| —
dz* ox* 0x0z
d (ﬂ’y’},z 0Yxz _ a"l"x};) _
dz \ dx oy oz /
d (a’F:—:}; m _ a"l"'xz) - 2
a}'? dz ox .a}.r _
d (ﬂ}'xy 0V« _ ﬂvﬂ) _
0x \ 0z oy ox /
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COMPATIBILITY CONDITIONS

State the conditions under which the following is a possible system of
strains:

8xx=a+b(x2+y2)x4+}’4, }{vz:O
e =a+ B+ +x 4y, fu=0
fy=A+By @4y -ch, £, ﬂ
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COMPATIBILITY CONDITIONS

State the conditions under which the following is a possible system of
strains:

8n=a+b(x2+y2)x4+}’4, }{W.:O
gy),=a+ﬁ(x2+y2)+x4+y4, v =0
’nyzA B Bxy (x2 +}’2 2 Cz)a Ezz = 0

[Ans. B=4; b+ B+ 2c" =]
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